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2-Position Motion Generation

• Design four bar linkage that will move a line on its coupler link 
such that a point P on that line will be first at P1 and later at P2 
and will also rotate the line through an angle α2
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2-Position Procedure

Define the 2 desired precision positions w/r to a chosen GCS

1. Use position vectors R1 and R2

2. α2 is the change in orientation of link z

3. p21 defines the distance from point P1 to P2

4. p21 = R2 – R1
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2-Position Procedure

• The dyad W1Z1 defines the left half of 
the linkage. The dyad U1S1 defines the 
right half of the linkage. 

• Solve for the left side of the linkage 
(vectors W1, Z1) and later use the same 
procedure to solve for the right side 
(vectors U1, S1).
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2-Position Procedure – Dyad 1

1st dyad: WZ

Define the following variables:

w = length link2

θ = angle of link2 in first position

β2 = change in angle of input link

z = distance from A and P

Φ = orientation angle of L3 at position 1

α2 = change in orientation of link z

p21 = distance from point P1 to P2

δ2 = orientation angle of line from P1 to P2
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2-Position Procedure – Dyad 1

Equation of the 1st dyad

W2 + Z2 −P21 − Z1 − W1 =0

w ej(θ+β2) + z ej(Φ+α2) − p21 ejδ2 − z ejΦ− w ejθ= 0

w ejθ(ejβ2 −1) + z ejΦ (ejα2 −1) = p21 ejδ2

Real part:

w Cosθ (Cosβ2 −1) −w Sinθ Sinβ2

+z CosΦ(Cosα2 −1) − z SinΦ Sinα2 = p21 Cosδ2 

Imaginary part:

w Sinθ (Cosβ2 −1) +w Cosθ Sinβ2

+z SinΦ(Cosα2 −1) + z CosΦ Sinα2 = p21 Sinδ2
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2-Position Procedure – Dyad 1

2 Equations: 

• w Cosθ (Cosβ2 −1) −w Sinθ Sinβ2 + z CosΦ(Cosα2 −1) − z SinΦ Sinα2 = p21 Cosδ2

• w Sinθ (Cosβ2 −1) +w Cosθ Sinβ2 + z SinΦ(Cosα2 −1) + z CosΦ Sinα2 = p21 Sinδ2

There are 8 variables in the equations:

w, θ, β2, z, Φ, α2 , p21, δ2

3 are given: α2, p21 andδ2

Choose 3 variables and  solve for 2.

2 Cases to be considered:

Choose θ , β2 andΦ solve for w and z

Choose β2 ,Φ and z solve for w and θ
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2-Position Procedure – Dyad 1: Case 1
Choose θ , β2 and Φ and solve for w and z

Let:

A = Cosθ (Cosβ2 – 1) – SinθSinβ2                D = Sinθ (cosβ2 – 1) + CosθSinβ2

B = CosΦ (Cosα2 – 1) – SinΦSinα2             E = SinΦ (cosα2 – 1) + CosΦSinα2

C = p21Cosδ2 F = p21Sinδ2

Substitute in the equations below:

w Cosθ (Cosβ2 −1) −w Sinθ Sinβ2 + z CosΦ(Cosα2 −1) − z SinΦ Sinα2 = p21 Cosδ2

w Sinθ (Cosβ2 −1) +w Cosθ Sinβ2 + z SinΦ(Cosα2 −1) + z CosΦ Sinα2 = p21 Sinδ2

A w + B z = C

D w + E z = F

Solve:
w = (C E – B F)/(A E – B D)

z = (A F – C D)/(A E – B D)
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2-Position Procedure – Dyad 1: Case 2
Choose β2 ,Φ and z solve for w and θ

Let:

W1x= w Cosθ Z1x=z CosΦ

W1y= w Sinθ Z1y=z SinΦ
And

A = Cosβ2 – 1 D = Sinα2

B = Sinβ2 E = p21Cosδ2

C = cosα2 – 1 F = p21Sinδ2

Substitute in the equations below:

w Cosθ (Cosβ2 −1) −w Sinθ Sinβ2 + z CosΦ(Cosα2 −1) − z SinΦ Sinα2 = p21 Cosδ2

w Sinθ (Cosβ2 −1) +w Cosθ Sinβ2 + z SinΦ(Cosα2 −1) + z CosΦ Sinα2 = p21 Sinδ2

AW1x − B W1y + C Z1x − D Z1y=E

AW1y + B W1x + C Z1y + D Z1x=F

Solve:

W1x= – (A(– CZ1x+DZ1y+E)+ B(– CZ1y–DZ1x+F))/2A

W1y= – (A(– CZ1y–DZ1x+F)+ B(CZ1x–DZ1y–E))/2A
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2-Position Procedure – Dyad 2

2nd dyad: US

Define the following variables:

u = length of link2

σ = angle of link2 in first position

γ2 = change in angle of driven link

s = distance from point B to point P

Ψ = orientation angle of link s

α2 = change in orientation of link s

p21 = distance from point P1 to P2

δ2 = orientation angle of line from P1 to P2
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2-Position Procedure – Dyad 2

Equation of the 2nd dyad

U2 + S2 −P21 − S1 − U1 =0

u ejσ(ejγ2 −1) + s ejΨ (ejα2 −1) = p21 ejδ2

Real part:

u Cosσ (Cosγ2 −1) −u Sinσ Sinγ2

+s CosΨ(Cosα2 −1) − s SinΨ Sinα2 = p21 Cosδ2 

Imaginary part:

u Sin σ (Cosγ2 −1) +u Cosσ Sinγ2

+s SinΨ(Cosα2 −1) + s CosΨ Sinα2 = p21 Sinδ2
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2-Position Procedure – Dyad 2

2 Equations: 
• u Cosσ(Cosγ2 −1) −u Sinσ Sinγ2 +s CosΨ(Cosα2 −1) − s SinΨ Sinα2 = p21 Cosδ2

• u Sinσ(Cosγ2 −1) + u Cosσ Sinγ2+s SinΨ(Cosα2 −1) + s CosΨ Sinα2 = p21 Sinδ2

There are 8 variables in the equations:

3 are given: α2 , p21 andδ2

Choose 3 variables  and  solve for 2.

2 Cases to be considered:

Choose σ , γ2 andΨ solve for u and s

Choose γ2 ,Ψ and s solve for u and σ
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2-Position Procedure – Dyad 2: Case 1

Choose σ , γ2 and Ψ then solve for u and s

Let:

A = Cosσ (Cosγ2 – 1) – SinσSinγ2              D = Sinσ(cosγ2 – 1) + CosσSinγ2

B = CosΨ(Cosα2 – 1) – SinΨ Sinα2        E = SinΨ(cosα2 – 1) + CosΨSinα2

C = p21cosδ2 F = p21Sinδ2

Substitute in the equations below:

u Cosσ(Cosγ2 −1) −u Sinσ Sinγ2 +s CosΨ(Cosα2 −1) − s SinΨ Sinα2 = p21 Cosδ2

u Sinσ(Cosγ2 −1) + u Cosσ Sinγ2+s SinΨ(Cosα2 −1) + s CosΨ Sinα2  = p21 Sinδ2

A u + B s = C

D u + E s = F

Solve:

u = (C E – B F)/(A E – B D)

s = (A F – C D)/(A E – B D)
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2-Position Procedure – Dyad 2: Case 2

Choose γ2 ,Ψ and s then solve for u and σ

Let:

U1x= u Cosσ U1y= u Sinσ S1x=s CosΨ S1y=s SinΨ

A = Cosγ2 – 1 B = Sinγ2 C = Cosα2 – 1 

D = Sinα2 E = p21Cosδ2 F = p21Sinδ2

Substitute in the equations below:

u Cosσ(Cosγ2 −1) −u Sinσ Sinγ2 +s CosΨ(Cosα2 −1) − s SinΨ Sinα2 = p21 Cosδ2

u Sinσ(Cosγ2 −1) + u Cosσ Sinγ2+s SinΨ(Cosα2 −1) + s CosΨ Sinα2 = p21 Sinδ2

AU1x − B U1y + C S1x − D S1y=E

AU1y + B U1x + C S1y + D S1x=F

Solve:

U1x= – (A(– CS1x+DS1y+E)+ B(– CS1y–DS1x+F))/2A

U1y= – (A(– CS1y–DS1x+F)+ B(CS1x–DS1y–E))/2A
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2-Position Procedure

Solution:

Solve for 1st dyad: WZ

Solve for 2nd dyad: US

Use geometry to solve other details 

• Position of the pivots (O1 and O2) 

• Length of Link1  

(analytical: G1=W1+V1- U1 , With V1=Z1- S1)
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3-Position Procedure

Use the same used for 2-position.

You will have 4 dyads instead of 2

Solution:

Design of Machinery 5th Edition 

Norton p.223−228
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Problem: 5-8 p.255

• Design a linkage to carry the 
body in the figure below through 
the two positions P1 and P2 at 
the angles shown in the figure. 

• Use analytical synthesis without 
regard for the fixed pivots. 
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Solution:

1.   Solve the problem using case 2 and the previously generated equations.
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Solution:
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Solution:
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Solution:
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Solution:
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Solution:
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Solution:
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Solution:



Slide 28 of 26MEE341 – Lecture 12: 2 Positions Analytical Synthesis

Solution:


